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Abstract. Let A be an algebra over a field F satisfying (x, x, x) =0 with a function
g: Ax Ax A — F such that (xy)z=g(x, y, 2)x(yz) for all x, y, z in A. If g(x;, x2, x3)
=g(X15, X21, Xaz) for all = in S5 and all x;, x,, x3 in 4 then A is called an associo-
symmetric algebra. It is shown that a simple associo-symmetric algebra of degree >2
or degree =1 over a field of characteristic #2 is associative. In addition a finite-
dimensional semisimple algebra in this class has an identity and is a direct sum of
simple algebras.

Throughout we shall let 4 denote an associo-symmetric algebra over a field F
of characteristic #2. In §1 we show that A4 is power-associative and has a vector
space decomposition A=A+ Ao+ Aoy + Ao relative to any idempotent e. In
§2 the multiplicative properties of the submodules are studied and as a consequence
of these one obtains Theorem 3.2 that if 4 is simple and e#1 is an idempotent
then A,;(e) and Ayo(e) are associative subalgebras. The decomposition of A4
relative to several orthogonal idempotents, derived in §4, is used to obtain Theorem
4.2 that if 4 is simple and has degree >2 then A4 is associative. The main result of
§5 is that if A is finite dimensional and semisimple then 4 has an identity and is a
direct sum of simple algebras. Finally in §6 an argument is adopted from alterna-
tive rings to show that if A is simple and of degree one then it is a field.

1. Preliminaries.
THEOREM 1.1. If A is an associo-symmetric algebra then A is power-associative.

Proof. We show that x%x?=x2*? for any x in 4 by induction on k=a+b. The
result holds if k=3 by third power-associativity. Assume that the result holds for
allk<nandletO<s=<n—1.Then x* Ix=(x""""1x)x=g(x"~*"1, x5, x)x" =S~ 1(x**1).
On the other hand x" sx*=(x""*"1x)x*=g(x" "1, x, x*)x"~*~1x**1, By associo-
symmetry, however, g(x" 71, x°, x)=g(x" %71, x, x*). Therefore x"~lx=x""%x*
and if we let a=n—s, b=s then x*x*=x"=x%*% Thus, A4 is power-associative by
finite induction.

It seems worthwhile to remark here that the assumption (xy)z=g(x, y, z)x(yz)
with g: A X A x A — Fand g(x,, Xz, x3) =g(X1, X25, X3,) is not in itself sufficient to
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guarantee power-associativity even in finite dimension, as the following example
indicates. Let A have basis a, b, ¢, d, e, f over a field of characteristic #2 with
multiplication given by ab=c, cd=e, bd=2f, af=e, and all other products zero.
Then g(x, y, z)=% for all x, y, z in A. However

(a+b+d)(a+b+d) = (c+2f)a+b+d) = e
and
(a+b+d)a+b+d)? = (a+b+d)(c+2f) = 2e.

Therefore A is not power-associative.

LEMMA 1.1. Let e be an idempotent of an associo-symmetric algebra A over a
field of characteristic #2. Then (a, e, e)=(e, a, e)=(e,e,a)=0 for all a in A.
(Here (a, b, ¢c)=(ab)c—a(bc).)

Proof. Since A is power-associative, 4 has a vector space decomposition
A=A,+A,,,+ A, relative to e where A;={a; | ea;+ae=2ia} for i=1,0,% [1].
Since A satisfies (x, x, x)=0 it can be shown (see [6, p. 137]) that

A; = {a, | ea, = ae = ia} fori=1,0.

Now let a#0 be in 4. From (x, x, x)=0 we have (e, e, a)+ (e, a, )+ (a, e, )=0.
If we let a=g(e, e, a)=g(a, e, e)=g(e, a, e) then by the associo-symmetric identity,
(e—1)e(ea)+(«—1)e(ae) + («—1)ae=0. If a=1 the lemma follows. Otherwise
e(ea)+e(ae)+ae=0. Let a=a, +a,;2+a,. Then ae=a; +a, e, e(ae)=a, +e(a2€),
and e(ea)=a, +e(eay;;). Thus we have 3a;+a;.e+e(ay e +eay)=0. But a.e
+eay ;3 =a,;. Therefore we get 3a,+4a,,=0, a,,,=0 and a=a,+a,. (In fact if
characteristic F# 3 then a=a,.) Thus (e, a, ¢)=(a, e, e)=(e, e, a)=0.

It is a well-known fact that in any algebra A, the results of Lemma 1.1 imply
that A has a Peirce decomposition A=A, + Ao+ Aoy + Aoo. Therefore we have

THEOREM 1.2. If A is an associo-symmetric algebra over a field of characteristic
#2 and if e is an idempotent of A then A=A,,(e)+ Ayo(e)+ Aoi(e)+ Aoo(e) where
Ai(e)={x, | ex,;=ix;; and x,,e=jx,;}.

It is clear that if a=a;;+a,0+ a0, +4aoo then a;, =eae, a,,=ea—eae, a,, =ae
—eae, and a,o=a—ae—ea+eae.

2. Multiplication of the modules.

LeMMA 2.1. (A;;+Ag1)(Ago+A401)=0.

Proof. Let x € Ay, + Ay, ¥ € Ago+ Aoy Then xy=(xe)y=g(x, e, y)x(ey)=0.
LEMMA 2.2, A;14,:S A5, A11A410S A5

Proof. Let x, y € A;;, and g(e, x, y)=c. Then xy=(ex)y=ce(xy). If «=0 then
xy=0¢ A;,. Suppose a«#0 and xy=a;; +a10+do1 +ao. Then xy=c(a;, +ay,) or
Q11+ @10+ o1 + Ao =(a1, +ay0). The vector space direct sum then forces a=1
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and ay, =ag,=0. Therefore xy € A;;+A4,0. On the other hand g(x, y, e)=a=1,
(xy)e=xy. Therefore xy € Ay, + Ao;. Thus, xy € (4, +A410) N (411 +Ao1)=A4,;.

Now, let x€ A,,, ye A;, and a=g(x, e, y). Then xy=(xe)y=ox(ey)=axy.
If «=0 then xy=0 € A4,,. Otherwise «=1=g(e, x, y). Thus xy=(ex)y=e(xy) and
xy€ Ao+ Ay;. However, (xy)e=x(ye)=0. Therefore xye A4+ Ay Thus,
xy € Ajp-

LEMMA 2.3. Ag1A11S A1, Ao1A10S Ago.

Proof. Let xe€ Ay, ye A, a=g(x,e,y). Then xy=(xe)y=ax(ey)=oaxy.
Therefore «=0 or 1. If «=0 then xy=0e 4,;. Otherwise a=1=g(e, x, )
=g(x,y, e). Therefore 0=(ex) y=e(xy) and (xy)e=x(ye)=xy. Thus, xy € (Ao1+Aoo)
N (Aoy + A1) =40

Next let x € Ay, y € Ayo. Clearly xy € Ao+ Ago since (xy)e=g(x, y, e)x(ye)=0.
Let a=g(x, e, y)=g(e, x, y). If «=0 then (xe)y=0 and xy=0 € 4y,. Otherwise
g(e, x, y)#0. Then O0=(ex)y=g(e, x, y)e(xy) and e(xy)=0. Thus xy € Ay; + Ago.
But xy € A;o+ Ago. Therefore xy € Ag,.

Proof. Let x€ Ay, yeAy,; for i=0,1 and «=g(x,e, y)=g(e, x,y). Then
0=(xe)y=ax(ey)=axy. If «#0 then xy=0. Otherwise a=g(e, x, y)=0. Then
xy=(ex)y=0e(xy)=0. Therefore xy =0. Next let x € A4, y € Ago. Then xy=(ex)y=
ae(xy). As in the proof of Lemma 2.2 this forces «=0 or 1. If «=0 we are done. If
a=1then xy € Ao+ A4,;. But (xy)e=0. Therefore xy € Ao+ Ago. Hence, xy € Aj,.

Finally, let x € Ayq, ¥ € Ao;. Then xy=(ex)y=ce(xy). Again, «=0or 1. If «=0
then xy=0 € 4,,. Otherwise «=1, (xy)e=x(ye)=xy and xy=(ex)y=e(xy). Thus
Xy € Aq,.

LEMMA 2.5. AOO(A10+A11)=0, AOOAOIQAOD AOOAOOEA00+A10'

Proof. Let xe€ Ay, ye Ay; for i=0,1. If «=1 then 0=(xe)y=x(ey)=xy.
Otherwise «# 1. Linearization of third power-associativity gives (x, e, y)+(x, y, €)
+(», x, €)+(, e, x)+ (e, x, y) + (e, y, x)=0 or

(e—D[x(ey) +x(ye) +y(xe) + y(ex) +e(xy) +e(yx)] = 0.
Since a#1 and by the definition of the modules, we have
€)) xy+i(xy)+e(xy)+e(yx) = 0.

If i=1 then yx€ A,;4,0=0 by Lemma 2.1. Therefore —}e(xy)=xy, which
forces xy=0. If i=0 then reconsider «. If «=g(x, e, y)#0 then 0=(xe) y=eax(ey)
=axy. Therefore xy=0. Otherwise «=0=g(e, y, x) and yx=(ey)x=0. Therefore
(1) reduces to xy+e(xy)=0. This again forces xy=0 to show that Ayo(4;0+ 4;1)
=0.
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Now let x € Agg, y € Ag;. If a=1 then (xy)e=x(ye)=xy and e(xy)=(ex)y=0.
Therefore xy € Ag,. If a51 then by a linearization of third power-associativity
as in Lemma 2.5 we have x(ey)+x(ye)+y(xe)+y(ex)+e(xy)+e(yx)=0 which
reduces to xy+e(xy)+e(yx)=0 since x € Agg, ¥ € Ag;. Now yx € Ag1Ago=0 by
Lemma 2.1. Therefore xy+e(xy)=0 which forces xy=0 € 4y;. Therefore AypA4,;
< A,,. Finally, the last statement of Lemma 2.5 is immediate.

The results of Lemmas 2.1-2.5 give the following.

THEOREM 2.1. If e is an idempotent of an associo-symmetric algebra A over a
field of characteristic #2 then the modules A;(e) have the multiplicative relations

(2) A} 4;1S A4y,

(3) AooAooS Ao+ 4105

) AijAkI=0 l'fj?’"k,

(5) Ai;A;< Ay, unless i=j=1=0.

It should be noted that if 4 has an identity 1 and e#1 then (3) can be strength-
ened to Agg(e)2<S Ago(e). For Ago(e)2=A4,,(1—e)2S 4;,(1 —e)=Aoo(e).

3. Simple algebras. In an associative algebra the set B=A;0401+ 410+ Aos
+Ag1 45, is an ideal. We prove the same result for associo-symmetric algebras
and use it to characterize the simple algebras. According to convention “simple”
means ‘“‘simple but not nil”.

LeEMMA 3.1. A;,(A10401)S A1040;1-

Proof. Let x€ Ay, ye Ay, z€ Agy. If a=g(x, y, z)=g(xm, ym, zr)=1 then
x(yz)=(xy)z € A1oAo; by (5). Otherwise the linearization of (a, a, a)=0 gives

© x(yz)+x(zy) +y(xz) + p(zx) + z(xy) + 2(yx) = 0.
Now x(zy) € Ay1400=0, xz € A1;40,=0, and yx € A;04,; =0 by (4). Therefore
(6) reduces to x(yz) + y(zx) + z(xy)=0. But x(yz) € A1, y(zx) € A;1;, and z(xy) € Ago.

Therefore z(xy)=0 and (6) reduces to x(yz)= —y(zx). But y(zx) € A;o(Ao1411)
S A,4Aq;, by (5). Therefore x(yz) € A;0A40:.

Proof. Let x € Ago, ¥ € Ao1, z € Ayo. If g(x, y, z)=1 then x(yz) =(xy)z € Ap1410.
Otherwise we have (6). But x(zy) € AgoAd1;=0, xz € AgpA10=0 and so y(xz)=0,
and z(yx) € A;o(A01400)=0. Therefore (6) reduces to x(yz)+z(xy)+y(zx)=0.
But x(yz) € Aoo(Ao1410)S A30S Aoo+ Ar0, ¥(2X) € Ao1A10S Avo, and z(xy) € A10Aor
€ A,,. Therefore z(xy)=0 and x(yz)= —y(zx) € A1 41, to prove the lemma.

THEOREM 3.1. In any associo-symmetric algebra A with idempotent e, B=A,0A0:
+A10+A01+A01A10 is an ideal OfA.

Proof. Since A=3, ;-0 4y it is sufficient to show that A4;,,B+ BA,,<B for
i, j=0, 1. Now the multiplicative properties in Theorem 2.1 and associo-symmetry
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immediately imply that BA;;< B for i, j=0, 1. Similarly, Theorem 2.1 implies that
AoB+ Ay BS B. Consider A,;B=A,(A10Ao1+ Ao+ Ao1+ Ag1A10). Now Ay, A44,
=A;,(Ag1410)=0, A;;4;0S A;0< B by Theorem 2.1 and 4,,(A,0401)SE 410401 S B
by Lem:na 3.1. We similarly use Lemma 3.2 to show that Ay,B< B. Thus B is an
ideal of 4.

COROLLARY 1. If e#1 is an idempotent of a simple associo-symmetric algebra A
then Ay;(e)=A1o(e)Aoi(e) and Ago(e) = Aoi(€)A1o(e).

Proof. Since B is an ideal either B=A or B=0. If B=0 then A4,,=A4,,=0.
Hence AgoAgoS Ago- Thus A= A,,(e) D Aoo(e) and A,,(e), Ago(e) are ideals of A.
Since e ¢ Ago(e), Ago(e)# A. Therefore Ayo(e)=0 and A= A,,(e). But this contra-
dicts the assumption that e+ 1. Therefore B=A, A,,(e)=A,0(e)Ao,(e) and Ayo(e)
= Ao1(e)410(e).

COROLLARY 2. Ife is an idempotent of a simple associo-symmetric algebra A then
Aoo(€)*<S Aoole).

Proof. Let x, y € Ago(e). Then by Corollary 1, x=x,;X;, and xy=(xo;X10)y
=g(Xo01, X105 ¥)Xo01(X10y). The right-hand side is clearly in Ay (e). Therefore the
result follows.

LeMMA 3.3. If e is an idempotent of an associo-symmetric algebra A and Ay
= Ay,(e) then

(@) (A105 Ao1, 411)=0,

(b) (An, AlOa Ao1)=0,

(©) (Aoy, 411, A10)=0.

Proof. The linearization of fourth power-associativity, (x, x, x2)=0, gives

x,y, zw+wz)+(z, y, xw+wx)+(w, y, xz+2zx)+(y, X, zZw+wz)
™ +(z, x, wy+yw)+(w, x, yz+2y) +(z, w, xp+ yx)
+(x, w, yz+2zy)+(y, w, x2+2zx)+(w, z, Xy + yx)

+(x, z, yw+wy)+(y, z, wx+xw) =0 [6, p. 129].

Let xe€ Ay, y€ Aoy, z€ Ay, and w=e. Then zw+wz=2z, xw+wx=x, and
wy+yw=y. Also, by Theorem 2.1, xz=zy=0. Therefore for these specializations
(7) reduces to

2(x, y, 2)+(z, y, x)+(e, y, z2x) +2(y, x, 2) +(z, x, y) + (e, X, yz) +(z, €, xy)
®) +(z, e, yx)+(x, e, yz) +(y, e, zx) + (e, 2, xp) + (e, z, yx)
+(x,2, p)+(», 2, x) = 0.
Now (z, y, x)=0 since A4,;44:=0, (y, x,z2)=0=(x, z, y) since A;p4,;=0. Also
ey=e[y(zx)]=0, xe=e(yz)=0. Therefore (e, yz, x)=(x, e, yz)=0. Also ex=x and
e[x(yz)]=x(yz) since x(yz)e A;;. Therefore (e, x, yz)=0. Similarly (z, e, xy)
=(z, e, yx)=(y, e, 2x)=(e, z, xy)=(e, z, yx)=0. Therefore (8) reduces to

(9) 2(x,y,z)+(2,X,,V)+(y,Z,x) = 0.
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But third power-associativity gives

(10) x, ¥, 2)+(z, x, )+ (y, 2z, x) = 0.

Therefore (x, y, z)=0 proving that (A4,0,401,41,)=0. In (10) again (z, x, y)+
(y,2,x)=0. But (z,x,y)e Ay, and (y, z, x) € Ago. Therefore (z, x, y)=(y, z, x)
=0. Hence (411,410,401)=(A401,411,410)=0.

LEMMA 3.4. Under the same hypothesis as the previous lemma, (Ayo, Ago, Ao1)
=(Alls Ajo, Aoo)=0~

Proof. Let x € Ay, y € Ago, and z € Ay,. Then third power-associativity reduces
to (x,y,2)+(y, z, x)+(z, x, »)=0. But (x,y,2)€ 4;;, (), 2z, x)+(z, X, y) € Ago.
Therefore (x, y, z)=0. Similarly if x € 4,,, y € 4,0, and z € 45, we immediately
obtain (x, y, z)=0.

THEOREM 3.2. Let e#1 be an idempotent of a simple associo-symmetric algebra
A over a field of characteristic #2. Then A;(e) is associative for i=0, 1.

Proof. Let x, y, ze A;; =A1,(e). By the corollary to Lemma 3.1, y=y,,y,, for
some y;; € A;;. Then (xy)z=[x(y1001)]z. By (b) of the previous lemma x(10¥01)
=(XY10) Yo1. Therefore (xy)z=[(xy10) yo1]2. Since xy;, € 4, and by (a), [(xy10) yo1]z
=(xy10)(¥012). Therefore (xy)z=(xy10)(¥0:2). By (b) again and since yq,z € 4oy,
(xy10)(¥012) = X[y10(y0:2)]. Finally, by (a), y10(¥012) =(¥10¥01)z. Therefore (xy)z
=Xx[(y10Y01)2z]=x(yz) and A,, is associative. Since Agyo(e)=A;,(1—e), Ay is also
associative.

4. Decomposition relative to several idempotents. If 4 is an alternative or
Jordan algebra and ey, e, . . ., e, are orthogonal idempotents of A4, then one has a
vector space decomposition A=) A4;; (i, j=0, 1, ..., t) with 4;;={x | e,x=8;,x and
xe;=8;x} with & the Kronecker delta. We show that the same decomposition is
obtained for associo-symmetric algebras.

LeEmMA 4.1. Let e, €’ be orthogonal idempotents of an associo-symmetric algebra
A with 1. Then e(e'x)=(xe')e=0 and (e, x, e')=0.

Proof. Let A=A+ 4,0+ Ag; + Aoo be the decomposition relative to the idem-
potent e. Then since e and e’ are orthogonal, e’ € Ago. Thus if x € 4 then x=x,,
+X10+X01+X00 and e'x e Ago(Ay11+A1g+ Ao+ Ago) S Aoy +Age. (Here we are
using the stronger form of (3) in an algebra with 1; namely, A%, Aqo.) Therefore
e(e’x)=0. Similarly xe’ € A;,+ 4o, and so (xe’)e=0. Now from third power-
associativity either g(e, x, e')=1 or e(xe’ +e'x) +e'(xe+ex)+ x(ee’ +e'e)=0 which
reduces to e(xe’) +e'(xe)=0. But e(xe’) € 4,,, e'(xe) € Ay;. Therefore e(xe’)=0 and
(ex)e' =g(e, x, €' )e(xe’)=0 and in this case also (e, x, ¢')=0.

In routine fashion the previous lemma gives

THEOREM 4.1. Let ey, e, ..., e, be orthogonal idempotents of an associo-sym-
metric algebra A with 1. Then A=3 A;; (i,j=0, 1, ..., t) is a vector space decom-
position of A with A;;={x | exx=8yx and xe,=d;x}.
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LEMMA 4.2. AijAkl=0 l:fj;ék (i,j, k, l=0, 1, 2, RIS t).

Proof. Either j#£0 or k#0. If j#0 then A;;< A4,,(e;)+ Ao:(e;). But A, <= Ag,(e))
+ Ago(e,). Therefore A;;Ay,=0. Similarly if k#0.
We now prove the following fundamental theorem on associo-symmetric algebras.

THEOREM 4.2. Let A be a simple associo-symmetric algebra over a field of charac-
teristic #2 and let 1 =e,+e,+ - - - +e, for pairwise orthogonal idempotents e;. Then
if t>2, A is associative.

Proof. We shall be considering the Peirce decomposition 4=> A, relative to
€1, €y, ...,6. Let e=e;+e;. Then A, (e)=ede=A,,+A,;+ A;; + A;; is associative
by Theorem 3.2. Therefore (A, Ai1, A1;)=0. But A,o(e;)=2%_5 A;; and Ay (e;)
=>t_, a;. Now let a, c € A;0(e;) with b € Ag,(e,). Thena=2%_5 a5, c=2% 515
and b="%_, b;;. Then (ab)e= 1} ;.. ;-2 (a1;b41)cq;. By the previous remark if j=k =1
then (ay,;by1)cy=aif(biicyy). If j#k then ay;b,,, =0 by Lemma 4.2. Therefore (ab)c
=25 1=ay#1 @bj)en+ 25 -g ar(bjicyy). But ay; € Aoi(e))=A10(1—e), by € Ay0(e))
=Ao(1 —e)),and ¢y, € Ago(e;)=A,,(1 —e,). Since, by Lemma 3.3, (414, A1, A11)=0
we have (ay;b;,)cr=a1)(bjicy;). Therefore (ab)e=2%,_5 a;i(b;ic1;). On the other
hand a(be)=73} k-2 @1j(biicr). But byycy € Arolen)Aooler) S Aroler) and  ay;
€ Agole). Therefore a,y(byic1,)=0 if j#£k and a(bc)=2%,-5 a,,(b;1¢1;) also. Thus
(ab)c=a(bc). A similar argument shows that (4,;(e;), 410(€1), 4o1(€1))=0. Thus we
have

LEMMA 4.3. (4;o(ey), Aoi(e1), Aro(e1))=(Aos(er), A1o(e1), Aoi(e1))=0.

Lemma 4.3 together with Lemmas 3.3 and 3.4 is sufficient to prove the associa-
tivity of A by showing that all associators (Ay,(e;), Axi(e1), 4r(€;))=0. We show
this for several cases which indicate the method to be used in general. Clearly
(A, Ay, Ays)=0if j£ k or I#r. By Lemmas 3.3, 3.4 and Theorem 3.2, (4,,, 410, Ao1)
=(Ayy, Aro, Aoo)=(A11, A1, A11)=0. We show that (4,,, 4,1, A10)=0. (4;; indi-
cates A;i(e;).) Let x,ye 4;;, z€ A;,. Then by the corollary to Theorem 3.1
Y=Y10Yo1 € A1odo1=411. Then (xp)z=[x(y10y01)]z. Since (411, A10, 401)=0,
(xy)z=1[(xy10) Yo1]z. But xy,q € 4,0, z € Ao and, by Lemma 4.3, (414, Ao1, 410)=0.
Therefore  (xy)z=(xy10)(¥012) = X[y10(¥012)] using (411, 410, Ao0)=0. Finally
V10(¥012)=(Y10¥01)z by Lemma 4.3. Therefore (xy)z=x[(y10y01)z]=x(yz). We
have shown that all associators which have an element of A4,; in the first place are
zero.

We now consider associators having an element of A4,, in the first entry. We
know that (A,o, Ao, Ao1)=(A10, Ao1, A11)=(A10, Ao1, A10)=0 by Lemmas 3.3,
3.4, and 4.3. What remains is (4,4, Ao, Aoo). Let x € Ayq, ¥, z € Ago. Then since
Aoo=Ao1410, Y=Yo1Y10 and (xy)z=[x(yo1)10)]z. By Lemma 4.3, x(yo1¥10)
=(XYo1) y10- Therefore (xy)z=[(xyo1)¥10]z. But (411, 410, Ago)=0. Therefore (xy)z
=(xp01)(y102). Finally we get (xy)z=x[yo1(y102)] from (410, 401, A10)=0. But
Yo1 € A1o(1—e), y10 € Aoy(1—e) and z € A;;(1 —e). Therefore yo1(y102)=(Yo1710)2
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and (xy)z=x[(yo1¥10)z]=x(yz), the desired result. The same arguments are used
to show that associators with elements of A,,(e;) or Ago(e;) in the first entry are
zero. Therefore A is associative.

S. Semisimple algebras. A power-associative algebra A is called semisimple if
its nilradical = maximal nil ideal is zero. If A4 is a finite-dimensional nonnil algebra
than a familiar argument (see [5, p. 39]) shows that A has a principal idempotent e.
Clearly e is a principal idempotent of 4*. In [3] Kokoris has shown that 4,,,(e)
+Ao(e)=Rad A* (cf. proof of Lemma 1.1 for notation). But A,q(e)+ Ayi(e)
=A,,5(e) and Ayo(e)=Ay(e). Therefore A o+ Ag;+Agg=Rad A*. Let xe€ A4,
y€eAy;. Then 2x-y=xy+yxe Rad A*. Since yx€ Ag;A10SAge=Rad A+ we
conclude that xye Rad A*. Therefore A,,4,,=Rad A*. Thus the ideal B
=A,o(e)Ag,(e)+ A10(e) + Agi(e) + Agi(e)A1o(e) is a nil ideal. If we assume that A4 is
semisimple then B=0. Therefore A4,,(e)=A4y,(e)=0 and A= A,;(e)+ Ayo(e). Since
A10=0, Ay is a subalgebra and the sum is a direct sum A=A4,,PAy,. Since e is
principal Ay, is nil. Therefore A,,=0 and 4 =A,,(e). Therefore e is an identity
element of 4. We have proved the first part of the following theorem.

THEOREM 5.1. Let A be a finite-dimensional semisimple associo-symmetric algebra.
Then A has an identity and is the direct sum of simple algebras.

To complete the proof assume that D is an ideal of 4. Since D is not nil it has
principal idempotent e. Thus, as before, D;o+ Do, + Doo=Rad D* and D,yDg,
+ Dyo+ Doy + Doy Dy is a nil ideal of D. Note however that D =44, Doy =A¢;
and D,;=A,,. For D,;;=D N A,,SA,,. On the other hand if x e 4,, then
x=exe D. Thus A, D and A,,=D,, Similarly for the others. Therefore
B=A,0A01+A1o+ Ao1+ Ag1 A1 is a nil ideal of A. Since A4 is semisimple B=0.
Therefore A=A, @ Ago= D11 @ Aoo- Since any ideal of A;; is automatically an
ideal of A4, A;; (i=1, 2) is semisimple. Therefore A is a direct sum of semisimple
algebras of smaller dimension and an easy induction completes the theorem.

6. We close with a short discussion of the degree one case. If 4 is a finite-
dimensional associo-symmetric algebra whose only idempotent is the identity 1
over an algebraically closed field F, then an argument of Albert’s [2, p. 526]
shows that every element a € A4 is of the form a=«l +n with « € F and » a nilpotent
element.

THEOREM 6.1. A finite-dimensional, simple degree one algebra over a field of
characteristic #2 is a field.

Proof. Assume that 4 is simple, degree one over F. We may assume without loss
of generality that F is algebraically closed. Then every a in 4 is of the form «l +n
and since A4 is power-associative, if «50 then a has an inverse in 4. Let N={n € A|n
nilpotent}. We show that N is a subalgebra, hence an ideal of 4. By Albert [2] and
Oembhke [4], N is a subspace of A. Let x, y € N with y*=0, y»~* 0. If xy is not nil-
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potent then (xy)~! exists in 4. Then y"~*=[(xy)~*(xy)]y"~1=g((xy)"?, xy, y»~1)
x(xp) M)y~ 1=g((xp) "1, xy, y* ") g(x, y, y*~1)(xy) ! [xy"] =0. Therefore y»~*
=0, a contradiction. Hence xy € N and N is an ideal of 4. Since A4 is simple N=0
and A=F1.
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